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Bitcoin Legality by Country
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Source: https://coin.dance/poli

Legal, Alegal, Unknow, Restricted, Illegal, on 9th Jul 2018

https://coin.dance/poli
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Changing of Bitcoin Legality
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Cryptocurrency Regulations and Risk
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Press Release on Payments Area 
16 April 2021 No: 2021-17 

 

Studies on the regulation regarding the disuse of crypto assets in payments have been 
completed. 
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Cryptocurrency Regulations and Risk



CRRIX

VCRIX v.s. Events
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market 
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record
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start 
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SegWit

BTC 

price jumps
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kick in

South Korea

regulations “are cryptos 

over?”

plateau of 
productivity or 
awaiting third 

wave?

VCRIXindex
Source: Kolesnikova, 2018

Motivation

https://github.com/QuantLet/VCRIX/tree/master/VCRIXindex
https://github.com/QuantLet/EconCrix/tree/master/econ_vola


CRRIX

Regulatory Risk
§ Risk of a change in laws and regulations

§ Impact a security, business, sector, or market

§ More than 1500 coins in cryptocurrency market

§ High attention of the regulatory authorities: protect the investors, put a stop on 

money laundering, or prevent the fiat currency from being crowded out

§ Result in volatile price movements: -16% on 14 Sep 2017, China’s ban on 

cryptocurrency exchanges

7Motivation



CRRIX

Economic Index
§ Monitor the market condition and provide information about future 

§ Methods of developing an index:


IFO Business Climate Index, Purchasing Managers' Index (PMI)

Real data: Fiscal expenditure, GDP, inflation 

News data: News Analytics and MarketPsych Indices （sentiment）, Economic 
Policy Uncertainty Index

8Motivation



CRRIX

BTC v.s. Sentiment in 2018 
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• Israel: Steps towards 
cryptocurrency support.

• Blockchain takes hold in Israel: 
Expert take.

• French Crypto Regulation Ã la 
carte: Context, News, 
Perspectives
• India: Petition To Reverse 

Central Bank’s Crypto Ban Gains 
17,000 Signatures

• Malta determined to become 
the Blockchain island.

• Three More Countries Join 
Planned Lawsuit Against 
Internet Giants For Banning 
Crypto Ads

• Kenya: Central 
Bank Warns Banks 
Against Dealing In 
Crypto

• Texas Issues Cease-And-Desist 
To BTC Investment Company- 
Promised 100% Profit In 21 Days

• India: Supreme Court Denies 
Interim Injunction Against 
Reserve Bank Restrictions

• USA Gov Indicts Founder Of 
Long Defunct Crypto Exchange 
BitFunder

• South Africa: $50 mil scam

• USA: $25 mil seized

• Singapore 
Confirms It Will Not 
Ban Cryptocurrency, 
Has No Risk 
Concerns

• JP Morgan Chase 
and Lloyds Bank ban 
credit card purchase 
of cryptos

• South Korea confirm strict 
regulation

• China move to close 
Exchange-like services

• Indonesia warn against 
Crypto

Source: Bingling Wang

Motivation

https://github.com/QuantLet/DEDA_Class_SS2018/tree/master/DEDA_Class_SS2018_Regulation%20Risk%20for%20Cryptocurrencies


CRRIX

Economic Policy Uncertainty Index
§ Baker, Bloom & Davis (2016, QJE)

§ Three types of underlying components:


an index of search results from 10 large newspapers

reports by the Congressional Budget Office (CBO) that compile lists of 
temporary federal tax code provisions (expire over the next 10 years)

the dispersion between individual forecasters' predictions


§ In the paper, policy-related economic uncertainty based on newspaper coverage 
frequency (only component 1)

10Motivation



CRRIX

Regulatory Risk Index 

§ frequency of articles contain “economic” or “economy”; “uncertain” or 
“uncertainty”; and one or more of “congress”, “deficit”, “Federal Reserve”, 
“legislation”, “regulation” or “White House”

11Motivation

source: http://www.policyuncertainty.com

http://www.policyuncertainty.com


CRRIX

Research Questions

§ How to identify the regulatory risk for cryptocurrencies?

§ How to construct an index of regulatory risk for Cryptocurrencies based on news 

data?

§ What is the impact of regulatory risk to the market?

12Motivation



CRRIX

Outline
13

§ Motivation                                                  


§ Data                                                     


§ Methodology 


§ Results and CRRIX


§ Future plan and conclusion 


✓                                          




CRRIX

News Data:

14Data

Websites Data available 
from  

Data Amount 
(accurate) Updated to Columns

CoinDesk 01 Apr 2013 24.113 15 Mar 2021 Titles,authors,introduces,contents,release
s,updates,imgs,tags,bars,links

Bitcoin Magazine 28 Feb 2012 5.607 19 Feb 2021 Titles,authors,introduces,contents,date,ta
gs,types,links

CoinTelegraph 05 Aug 2013 23.350 25 Feb 2021 Author, title, content, url, views, shares, 
tags, dates 

News BTC 23 Oct 2013 18.040 15 Mar 2021 titles, authors, dates， contents, category, 
tags，article_urls

CryptoSlate 16 Sep 2017 5.184 19 Feb 2021 titles, authors, dates， contents, category, 
article_urls

Bitcoinist 22 Dec 2013 15.066 15 Mar 2021 titles, authors, dates， contents, 
article_urls, category, tags

Bitcoin.com 18 Jan 2015 13.497 15 Mar 2021 titles, authors, dates, categories, tags, 
article_urls, contents

Invest In Blockchain 07 Jul 2017 2.999 21 Dec 2019 titles, authors, contents, dates，tags，
article_urls

Blockonomi 06 Dec 2017 3.173 9 Mar 2021 titles, authors, dates, categories, 
abstracts, contents1, reads, article_urls

Coinspeaker 16 Mar 2014 14.150 12 Mar 2021 titles, dates, authors, contents, 
article_urls, tags

 Inside Bitcoins 18 Aug 2015 6.653 15 Mar 2021 titles, update dates, authors, contents, 
article_urls,

Sum: 131.832

§ Top Cryptocurrency or Blockchain news platforms



CRRIX

Data: CRIX and VCRIX
§ Represent the value (CRIX) and the volatility (VCRIX) of the entire cryptocurrency 

market

§ CRIX (CRyptocurrency IndeX) 


Trimborn et al (2018)

Track the entire cryptocurrency market performance (like S&P 500)

Data series starting from July 2014


§ VCRIX (Volatility CRyptocurrency IndeX )

like VIX or VDAX

Kim et al (2020)

Available: thecrix.de

15Data

http://thecrix.de


CRRIX

Article Timeline (Weekly Average per Day)
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 Figure: log CRIX and Number of Regulation News and News (CoinDesk)

Data

https://github.com/QuantLet/Regulatory-risk-cryptocurrency/tree/master/Regulatory_risk_coindesk


CRRIX

Cryptocurrency Regulatory Risk IndeX: 

17

§ CRRIX: frequency of policy-related news

Methodology

where s={daily, weekly, monthly}, Nt,reg and Nt,all are the number of regulatory news 
and all news at time t

CRRIXs
t =

Ns
t,reg

Ns
t,all

<latexit sha1_base64="C2RkUgiC5Nb3G2g0OlzvQwgDDH0=">AAACGHicbVDLSsNAFJ34rPUVdekmWAQXUhO16EYodKMbqcU+oI1hMp20QycPZm6EEvIZbvwVNy4Ucdudf+O0DaitBwbOPede7tzjRpxJMM0vbWFxaXllNbeWX9/Y3NrWd3YbMowFoXUS8lC0XCwpZwGtAwNOW5Gg2Hc5bbqDythvPlIhWRjcwzCito97AfMYwaAkRz+p1Go3rYdEpg5cdTyBSXI7qRI4FrSXpj8l5jxNHb1gFs0JjHliZaSAMlQdfdTphiT2aQCEYynblhmBnWABjHCa5juxpBEmA9yjbUUD7FNpJ5PDUuNQKV3DC4V6ARgT9fdEgn0ph76rOn0MfTnrjcX/vHYM3qWdsCCKgQZkusiLuQGhMU7J6DJBCfChIpgIpv5qkD5W6YDKMq9CsGZPnieN06J1VizdnRfKpSyOHNpHB+gIWegCldE1qqI6IugJvaA39K49a6/ah/Y5bV3Qspk99Afa6BuOmKFX</latexit>

§ Unknown Nt,reg but big Nt,all

§ Imbalance data:  Nt,reg<<Nt,all



CRRIX

Text Classification and Machine Learning
18Methodology



CRRIX

Text Classification and Machine Learning
19Methodology

Data 
Preparation

Feature 
Engineering

Model Training

Count Vectors TF-IDF Vectors Word 
Embeddings

Naive Bayes Linear 
Classifier SVM

Bagging model Boosting model Neural 
Networks

LDA

K-mean 

Data 
Preparation

K-expectile 
{

<latexit sha1_base64="o5OF4kxKYACw7luvXyme1/Mk1Ys=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiSmtemu4MZlRfuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p1e5372nQrI4ulOzhHohHkcsYAQrLd0OstKwXLHMulVz6zWkSbXquE5OGg23cYls01qgAiu0huX3wSgmaUgjRTiWsm9bifIyLBQjnM5Lg1TSBJMpHtO+phEOqfSyxalzdKaVEQpioStSaKF+n8hwKOUs9HVniNVE/vZy8S+vn6rA9TIWJamiEVkuClKOVIzyv9GICUoUn2mCiWD6VkQmWGCidDp5CF+fov9J58K0HbN2U600nVUcRTiBUzgHG+rQhGtoQRsIjOEBnuDZ4Maj8WK8LlsLxmrmGH7AePsEa2qN3g==</latexit>



CRRIX

Classification for Cryptocurrency Corpus

20

§ Supervised Method is possible:

Pre-classified data: CoinDesk data, Cointelegraph…

Unclassified data: Bitcoin Magazine,BTC News…


§ Bad performance of Naive Bayes and SVM

Imbalanced data problem 

Small training data


§ Consider unsupervised method LDA 

Capture policy-related topics

Calculate the similarity between unclassified documents and pre-classified 
regulatory news 

Methodology



CRRIX

LDA: Basic Idea
21

§ Basic Idea:

 Have a corpus of documents

 LDA learns the topic representation of K topics and the word distribution of 
each topic

 LDA identifies topics that are likely to generate the observed corpus

Latent 
Dirichlet 
Allocation

w
or

ds

Probability Matrix

topics

V*K

to
pi

cs

documents

K*M

words

Corpus

document

LDA

Methodology

�
<latexit sha1_base64="RLC421fa4kgG7fkAtrZ+/w6HWm0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rGFtoQ9lMN+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZQuZjIhLVDqlmgkvmG24Ea6eK0TgUrBWObqd+64kpzRP5YMYpC2I6kDziSI2V/K7OEHvVmlt3ZyDLxCtIDQo0e9Wvbj/BLGbSoKBadzw3NUFOleEo2KTSzTRLKY7ogHUslTRmOshnx07IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9F1kHOZZoZJnC+KMkFMQqafkz5XDI0YW0JRcXsrwSFVFI3Np2JD8BZfXiaPZ3XvvH55f1Fr3BRxlOEIjuEUPLiCBtxBE3xA4PAMr/DmSOfFeXc+5q0lp5g5hD9wPn8A4aSOvQ==</latexit>

�
<latexit sha1_base64="RLC421fa4kgG7fkAtrZ+/w6HWm0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rGFtoQ9lMN+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZQuZjIhLVDqlmgkvmG24Ea6eK0TgUrBWObqd+64kpzRP5YMYpC2I6kDziSI2V/K7OEHvVmlt3ZyDLxCtIDQo0e9Wvbj/BLGbSoKBadzw3NUFOleEo2KTSzTRLKY7ogHUslTRmOshnx07IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9F1kHOZZoZJnC+KMkFMQqafkz5XDI0YW0JRcXsrwSFVFI3Np2JD8BZfXiaPZ3XvvH55f1Fr3BRxlOEIjuEUPLiCBtxBE3xA4PAMr/DmSOfFeXc+5q0lp5g5hD9wPn8A4aSOvQ==</latexit>



CRRIX

22

LDA

Methodology

LDA Plate Notation

Dirichlet 
parameter 

Document-Topic Distribution

Topic

hyperparameters

Topic-Word Distribution

Words 
(observed)

Topics (latent)

✓m ⇠ Dir{↵}

�k ⇠ Dir{�}

zk ⇠ Mult{✓}

wn ⇠ Mult{�}

M
N



CRRIX

LDA: Plate Notation (Cont’d)

23

§ The joint distribution of Words and topics:

N words

M documents

�
↵

K topics

iterationsi

w
or

ds

Probability Matrix

topics

V*K

do
cu

m
en

ts

topics

M*K

p(w, z,✓,�;↵,�) =
KY

k=1

p(�k;�)
MY

d=1

p(✓d;↵)
NY

n=1

p(zd,k | ✓d)p(wd,n | �zd,k),
<latexit sha1_base64="yVrH0WxmYe4CY/WktcRwdTXB53A="></latexit>

Methodology

LDA



CRRIX

Pipeline for Topic Modeling

24

Preprocessing Vector Space Model EvaluationScrapingArticles

RUL


Author


Symbol


Date


Text

Tokenization


Stem/Lemma

Stop words

POS


Dictionary


Bag of words


PLSA

LDA


DTM


coindesk.com

bitcoinmagazine.com

cointelegraph.com

…

Methodology



CRRIX

Hellinger Distance

§ P, Q two probability measures

25

H
2(P,Q) =

1

2

Z  r
dP

d�
�
r

dQ

d�

!2

d�.

<latexit sha1_base64="f1/5vioEAuVhJ8EzN89yPRMteaQ="></latexit>

§ denote the densities  and  as f and dP/dλ dQ /dλ g

H
2(f, g) =

1

2

Z ⇣p
f(x)�

p
g(x)

⌘2
dx = 1�

Z p
f(x)g(x) dx,

<latexit sha1_base64="JyPGRtyEHVIkNmkr+JgyOdY6FaQ="></latexit>

§  For discrete probability distributions: P = (p1, . . . , pk) and Q = (q1, . . . , qk)
<latexit sha1_base64="fTH8V2RUdP7l8AQE1CroQvP/L2Q="></latexit>

H(P,Q) =
1p
2

vuut
kX

i=1

(
p
pi �

p
qi)2,

<latexit sha1_base64="KI3qO2pgu6w7qczcff34JZqnbYc="></latexit>

Distances

Methodology



CRRIX

Hellinger Distance for LDA

26

§ For


§ Hellinger Distance between two News with  topics

§ Example， given : 

K
K = 4

dH (zp, zq, X) =
1p
2

vuut
KX

k=1

(
p
zp,k �p

zq,k)2

<latexit sha1_base64="VgoAdeOqaX2H6WOIJFH6AZUkaro="></latexit>

zp = (zp,1, . . . , zp,k, . . . , zp,K) and zq = (zq,1, . . . , zq,k, . . . , zq,K)
<latexit sha1_base64="tdgX2DiiATaxXUX89pLCswkALjs="></latexit>

Methodology

 Topic 1  Topic 2  Topic 3  Topic 4

Wasserstein 
distance 

Topic distribution for document 1 and document 2



CRRIX

LDA Classification

27

§ LDA model is trained with full pre-classified news data 

§ Calculate the average distance between policy-related news, for regulatory news i:

where Nr is the number of regulatory news, zr,i and zr,j represents topic distribution 
of regulatory new i and j


§ Values closer to 0 indicate a smaller ‘distance’ and therefore a larger similarity

d̄r,i =
1

Nr

NrX

j=1

dH(zr,i, zr,j)

<latexit sha1_base64="lyancqKgy9IGLW7QyQfNmr6lETE="></latexit>

Methodology

 pre-classified corpus

reg  non-reg

 Figure：distribution of average distances (reg vs non-reg)

reg  non-reg

 Figure：boxplot of  average distances



CRRIX

LDA Classification (Cont’d)

28

§ Project unclassified document l to the trained LDA model 

§ Calculate its averages distance with policy-related news 

d̄u,l =
1

Nr

NrX

j=1

dH(zu,l, zr,j)

<latexit sha1_base64="sSDgubLWj3ROR0+1HbnWLaXx9QI="></latexit>

 unclassified corpus

Methodology

 pre-classified corpus

reg  non-reg

§ Set up a distance boundary

§ If            , then label the unclassified news l as policy-related news 

d̄
<latexit sha1_base64="j3BahIR7Ux2IYovR/qMGP5wtW8s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8wB4LXjxWsB/QhrLZbNqlm03YnQgl9Ed48aCIV3+PN/+N2zYHrT4YeLw3w8y8IJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUMUmmGW+zRCa6F1DDpVC8jQIl76Wa0ziQvBtMbud+95FrIxL1gNOU+zEdKREJRtFK3UFAdR7OhtWaW3cXIH+JV5AaFGgNq5+DMGFZzBUySY3pe26Kfk41Cib5rDLIDE8pm9AR71uqaMyNny/OnZEzq4QkSrQthWSh/pzIaWzMNA5sZ0xxbFa9ufif188wavi5UGmGXLHloiiTBBMy/52EQnOGcmoJZVrYWwkbU00Z2oQqNgRv9eW/pHNR9y7r1/dXtWajiKMMJ3AK5+DBDTThDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgGE1o+q</latexit>

d̄u,l < d̄
<latexit sha1_base64="ZycwTQh8Hp/fx0Tf7xFexZhztdU=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXEhJrKILFwU3LivYB7QhTCbTduhkEmYmQolZ+CtuXCji1t9w5984abPQ1gMXzpxzL3Pv8WNGpbLtb6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen445vc7zwQIWnE79UkJm6IhpwOKEZKS5550PeRSIPMS5NTll0Xr4pnVu2aPYW1SJyCVKFA0zO/+kGEk5BwhRmSsufYsXJTJBTFjGSVfiJJjPAYDUlPU45CIt10un9mHWslsAaR0MWVNVV/T6QolHIS+rozRGok571c/M/rJWpw5aaUx4kiHM8+GiTMUpGVh2EFVBCs2EQThAXVu1p4hATCSkeWh+DMn7xI2mc1p167uDuvNupFHGU4hCM4AQcuoQG30IQWYHiEZ3iFN+PJeDHejY9Za8koZvbhD4zPH/SqlgM=</latexit>



CRRIX

LDA Results: Number of Topics
§ Coherence Value: based on word co-occurrence

§ Comparable to the human rating of topics

29Results and CRRIX

§ =16K Coherence



CRRIX

LDA Results: Topics

30Results and CRRIX



CRRIX

Distance Between topics 

31Results and CRRIX



CRRIX

LDA Results: Topics

32

Coindesk 
Subcategory LDA Topic Top Keyword

Opinions Topic 1: Opinions Bitcoin, say, people, make, go

get, take, would, could, way

Tech Topic 3: Technology System, blockchain, use, transaction, chain

Technology, security, work, datum, network

Business Topic 2: Business Company, say, business, new, service

base, startup, firm, founder, ceo

Policy & 
Regulation

Topic 6: Regulation Financial, government, regulatory, treasury, federal

State, rule, law, policy, digital

Topic 9: Government Bitcoin, foundation, member, government, event

state, conference, donation, say, technology

Topic 10: Crime Mt Gox, site, silk road, claim, report

Attack, withdraw, website, steal, time

Market 
Topic 7: Investment Bitcoin, market, currency, price, exchange


value, investor, Litecoin, trade, investment
Topic 13: Trade and 

exchange
Exchange, BTC, account, customer, trading


User, deposit, page, trade, fund

 Figure: Categories (Coindesk.com) matched by LDA topics

Results and CRRIX



CRRIX

LDA: Classification 

33

§ Confusion matrices of classification based on LDA

§ Accuracy: 0.907

§ Relatively high type I error: 38%

Results and CRRIX

True\Pred
NB SVMweighted LDA

Total
1 0 1 0 1 0

1 0 582 0 582 361 221 582

0 0 4004 0 4004 188 3816 4004

Total 0 4586 0 4586 549 4073 4586

Accuracy 0.873 0.873 0.907



CRRIX

Cryptocurrency Regulatory Risk IndeX (CRRIX)

34Results and CRRIX

CN central 
bank talk

Not recognised  
currency in CN

Tax Policy 
in U.S

Illegal in 
Russia

BitLicense

EU's Top 
Court: Tax Free

SEC denies 
Bitcoin ETF

JP 1st regulate 
cryptocurrency 

exchanges

CN’s ban on 
exchange SEC: expansion 

of scrutiny

CN,Thailand,
 US

CN, US 
Gov attitude 

32%

470%

38%

18%

15% 32% 9.2%

16%

8%
32%

9%

https://github.com/QuantLet/Regulatory-risk-cryptocurrency/tree/master/Regulatory_risk_coindesk


CRRIX

35Cryptocurrency Market Regulatory Risk Index 

Daily- and Event- Based Study
§ Shanaev et. al, 

2020 (Research 
in International 
Business and 
Finance)


§ 5 regulatory 
classes:


 anti-money 
laundering

exchange 
regulation

issuance 
regulation

risk concerns

state-backed 
issuance 
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CRRIX and Events
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 Figure：Events and Cryptocurrency Regulatory Risk IndeX (CRRIX)
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CRIX and CRRIX
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 Figure：CRIX and Cryptocurrency Regulatory Risk IndeX (CRRIX)
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VCRIX and CRRIX

38Cryptocurrency Market Regulatory Risk Index 

§ VCRIX: stationary at 1% level  (ADF test p=0.000067)


§ CRRIX: stationary at 5% level  (ADF test p=0.019296)

 Figure：VCRIX and Cryptocurrency Regulatory Risk IndeX (CRRIX)
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Granger Causality Test: VCRIX and CRRIX

39Cryptocurrency Market Regulatory Risk Index 



CRRIX

§ CRRIX: an Regulatory Index for CCs market using news data

§ Applying LDA method to classify policy-related and non-policy-related news

§ The index successfully capture the big historical policy changes

§ Tested causality between CRRIX and market volatility index VCRIX

§ Helpful for the market forecasting 

40

Conclusion 

Conclusion
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Probabilistic Latent Semantic Analysis (PLSA)
42

Topics  K

Vocabulary  V

p(dm)Documents  M

✓m,k = p(zk|dm)

�k,n = p(wn|zk)

Education

Economy Transport

University

Teacher Course

Train

Car Airplane

Market
CompanyFinance

✓�

p(dm, wn) = p(dm)p(wn|dm) = p(dm)
KX

k=1

p(wn|zk)p(zk|dm)

Appendix
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LDA vs PLSA
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Topics  K

Vocabulary  V

p(dm)Documents  M

✓m,k = p(zk|dm)

�k,n = p(wn|zk)

�k ⇠ Dir{�}

✓m ⇠ Dir{↵}
Education

Economy Transport

University

Teacher Course

Train

Car Airplane

Market
CompanyFinance

Appendix

Back
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Dirichlet Distribution and LDA
44

§ Text I: Dirichlet parameter  
love love death king love love king king love love king king death king 
death king love king death king love love death king king king death death 
love love death king king love death love king king death death death king 
love king love love death king king love love death death death death love 
king king death king king love king king love king king king king love death 
king love king death king death king love king death love king king death 
love death love death death love king death king love death love king king 
death


§ Text II：Dirichlet parameter

� = (1, 1, 1)

� = (2, 5, 15)

 death king king king king king king death king king king love love death 
king king king king death king love king king king death king death death 
king king king king love king king king king king king death king death king 
king death death death king king death death king king king king king king 
death king king king king death king king death king king love king king 
king death king king king king king king death king king king death death 
king king death king king love king death king death death king king king 
death


Appendix

Back

https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
https://github.com/QuantLet/LDA-DTM/blob/master/LDA-DTM_dirichlet_simulation/%20LDA-DTM_dirichlet_simulation.py
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Pipeline for Topic Modeling
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N words

M documents

Preprocessing 

Tokenization 

Stem/Lemma

Dictionary 

Bag of words

Part of Speech

Stop words 

Vector Space Model Evaluation

LDA and Distances between News
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Hellinger Distance: examples

§ For two normal distributions

46Appendix

§ For two multivariate normal distributions

P ⇠ N
�
µ1,�

2
1

�
and Q ⇠ N

�
µ2,�

2
2

�
<latexit sha1_base64="GiGHzN+hgu6+46SdzgNfXmSwD5w="></latexit>

H
2(P,Q) = 1�

s
2�1�2

�
2
1 + �

2
2

e
� 1

4
(µ1�µ2)2

�2
1+�2

2 .

<latexit sha1_base64="EapezUih5LJTxmn19g16p6ZryNA="></latexit>

P ⇠ N (µ1,⌃1) and Q ⇠ N (µ2,⌃2)
<latexit sha1_base64="YaIweWjd5eQK5ADCaPU4cyp26/k="></latexit>

H
2(P,Q) = 1�

det(
P

1)
1/4 det(

P
2)

1/4

det
⇣P

1 +
P

2
2

⌘1/2
exp

(
�1

8
(µ1 � µ2)

T

✓P
1 +

P
2

2

◆�1

(µ1 � µ2)

)

<latexit sha1_base64="qHfZXAKeEcDuQOz7NfUqX12AGPM="></latexit>

§ For two exponential distributions P ⇠ Exp(↵) and Q ⇠ Exp(�)
<latexit sha1_base64="PwQv1Z1PmELn4jQicBr946r/iEE="></latexit>

H
2(P,Q) = 1� 2

p
↵�

↵+ �
.

<latexit sha1_base64="+8RN3gtehIpG4LecvvJDpbY1sPk="></latexit>

Back
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Hellinger Distance: examples (Cont’d)

§ For two Poisson distributions

47Appendix

§ For two Beta distributions

P ⇠ Poisson (↵) and Q ⇠ Poisson (�)
<latexit sha1_base64="Mm8YSeus5/SnQ2sprpRHqOQglV8=">AAACN3icdVDLSiNBFK32MaMZHaMu3RSGAd2Ebt/LgBtXEsGokA7hduXGFFZXNVW3B0OTv3Ljb7ib2bhQxK1/YCUG8Xmg4HDOudy6J8mUdBSG/4KJyanpHz9nZku/5uZ/L5QXl06cya3AhjDK2LMEHCqpsUGSFJ5lFiFNFJ4mF/tD//QvWieNPqZ+hq0UzrXsSgHkpXb5sM5jJ1MeE14SL3jdSOeM5oO1GFTWg/VXB3SHD/jRt/EECdbb5UpYDUfgn0k0JhU2Rr1dvok7RuQpahIKnGtGYUatAixJoXBQinOHGYgLOMempxpSdK1idPeA//FKh3eN9U8TH6lvJwpIneuniU+mQD330RuKX3nNnLp7rULqLCfU4mVRN1ecDB+WyDvSoiDV9wSElf6vXPTAgiBfdcmXEH08+TM52ahGm9Xto61KbWdcxwxbYatsjUVsl9XYAauzBhPsiv1nd+w+uA5ug4fg8SU6EYxnltk7BE/PCZeqzQ==</latexit>

H
2(P,Q) = 1� e

� 1
2 (

p
↵�

p
�)2

<latexit sha1_base64="i9C/ljYvBCFpEZKLnysTV3Xp5N4="></latexit>

P ⇠ Beta (a1, b1) and Q ⇠ Beta (a2, b2)
<latexit sha1_base64="2UiHixrWtfS3VDhqcH8RLh2SMLw="></latexit>

H
2(P,Q) = 1�

B
�
a1+a2

2 ,
b1+b2

2

�
p

B(a1, b1)B(a2, b2)
<latexit sha1_base64="438WYBuMOOivp88+n3OoSFIynlA="></latexit>
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Distances
§ Let X~P and Y~Q and let the densities be p and q, then distance between P and Q

48Appendix

§ These distances ignore the underlying geometry of the space

Total Variation :

Hellinger :

L2 :
R
(p� q)2

�2 :
R (p�q)2

q
<latexit sha1_base64="YirQDutOcEkIhkr+C4eSFSt3w8k="></latexit>

sup
A

|P (A)�Q(A)| = 1
2

R
|p� q|

q
1
2

R
(
p
p�p

q)2

R
(p� q)2

R (p�q)2

q
<latexit sha1_base64="sOSWAEsKlGGsn+2iAk7fvB7B8pU="></latexit>

 H12=H13=H23=1         W12= 1 < W23= 4 < W13= 5
Back



CRRIX

Asymptotic distribution of                          depends on
§ Denote          is a kernel density estimator,

49Appendix

p
nh[f̂(x)� f(x)]

<latexit sha1_base64="RK2mnQ5ZiC2DHFQzDaRCMswRIvQ=">AAACBHicdVDLSgMxFM3UV62vqstugkWoC8uMta3LghuXFewD2qFk0kwbmsmMyR2xDF248VfcuFDErR/hzr8xfQgqeuBeDufcS3KPFwmuwbY/rNTS8srqWno9s7G5tb2T3d1r6jBWlDVoKELV9ohmgkvWAA6CtSPFSOAJ1vJG51O/dcOU5qG8gnHE3IAMJPc5JWCkXjbX1dcKEomHk053SCDxJ4Xbo2PfNLeXzdvFarVSrjjYLtozTEmlZJcd7CyUPFqg3su+d/shjQMmgQqidcexI3ATooBTwSaZbqxZROiIDFjHUEkCpt1kdsQEHxqlj/1QmZKAZ+r3jYQEWo8Dz0wGBIb6tzcV//I6MfhnbsJlFAOTdP6QHwsMIZ4mgvtcMQpibAihipu/YjokilAwuWVMCF+X4v9J86TolIrly9N8rbaII41y6AAVkIOqqIYuUB01EEV36AE9oWfr3nq0XqzX+WjKWuzsox+w3j4BQLqX1Q==</latexit>

f(x)
<latexit sha1_base64="uaN8SX7G34gfDOeFFCAv8+zYhxc=">AAAB63icdVBNS8NAEJ34WetX1aOXxSLUS0isbT0WvHisYD+gDWWz3bRLN5uwuxFL6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96VXmd++oVCwSt3oWUy/EY8ECRrDOpKByfzYslR270ajX6i5ybGeBjNSrTs1Fbq6UIUdrWHofjCKShFRowrFSfdeJtZdiqRnhdF4cJIrGmEzxmPYNFTikyksXt87RqVFGKIikKaHRQv0+keJQqVnom84Q64n67WXiX14/0cGllzIRJ5oKslwUJBzpCGWPoxGTlGg+MwQTycytiEywxESbeIomhK9P0f+kc267Vbt2c1FuNvM4CnAMJ1ABFxrQhGtoQRsITOABnuDZCq1H68V6XbauWPnMEfyA9fYJsrmOBQ==</latexit>

f̂(x)
<latexit sha1_base64="t26ZaVCbyX5eMigU8zoCh+WLEBE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJez6Pga8eIxgHpiEMDuZTYbMzi4zvWJY8hdePCji1b/x5t84SfagiQUNRVU33V1+LIVB1/12lpZXVtfWcxv5za3tnd3C3n7dRIlmvMYiGemmTw2XQvEaCpS8GWtOQ1/yhj+8mfiNR66NiNQ9jmLeCWlfiUAwilZ6aA8opsG49HTSLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjupUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9s7KF3fnxcplFkcODuEISuDBFVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPHzzPkJk=</latexit>

The transformation s = u�x
h , i.e. u = hs+ x,

�� ds
du

�� = 1
h . A second-order Taylor expansion

of f(u) around x is given by
<latexit sha1_base64="+VZAhR3lA8cn3eCvx7dV/Qg9IAI="></latexit>

f(x+ hs) = f(x) + f(x)0hs+
1

2
f 00(x)h2s2 + o

�
h2

�
<latexit sha1_base64="uil+8GapjzgooF4YqMBKthhGjgU="></latexit>

Bias
n
f̂h(x)

o
= E

n
f̂h(x)

o
� f(x)

=
1

n

nX

i=1

E {Kh (x�Xi)}� f(x)

= E {Kh(x�X)}� f(x)

=

Z
1

h
K

✓
x� u

h

◆
f(u)du� f(x)

<latexit sha1_base64="oMO0VUeOhk74mXQnPbcCKRajR7g="></latexit>

For the second part

p
nh[f̂(x)� f(x)] =

p
nh{f̂(x)� E[f̂(x)]}+

p
nh{E[f̂(x)]� f(x)}

<latexit sha1_base64="JV5r5VxuTEljaYYjcqbAFlir+5k="></latexit>
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Asymptotic distribution of                          depends on
§ Then

50Appendix

p
nh[f̂(x)� f(x)]

<latexit sha1_base64="RK2mnQ5ZiC2DHFQzDaRCMswRIvQ=">AAACBHicdVDLSgMxFM3UV62vqstugkWoC8uMta3LghuXFewD2qFk0kwbmsmMyR2xDF248VfcuFDErR/hzr8xfQgqeuBeDufcS3KPFwmuwbY/rNTS8srqWno9s7G5tb2T3d1r6jBWlDVoKELV9ohmgkvWAA6CtSPFSOAJ1vJG51O/dcOU5qG8gnHE3IAMJPc5JWCkXjbX1dcKEomHk053SCDxJ4Xbo2PfNLeXzdvFarVSrjjYLtozTEmlZJcd7CyUPFqg3su+d/shjQMmgQqidcexI3ATooBTwSaZbqxZROiIDFjHUEkCpt1kdsQEHxqlj/1QmZKAZ+r3jYQEWo8Dz0wGBIb6tzcV//I6MfhnbsJlFAOTdP6QHwsMIZ4mgvtcMQpibAihipu/YjokilAwuWVMCF+X4v9J86TolIrly9N8rbaII41y6AAVkIOqqIYuUB01EEV36AE9oWfr3nq0XqzX+WjKWuzsox+w3j4BQLqX1Q==</latexit>

f(x)
<latexit sha1_base64="uaN8SX7G34gfDOeFFCAv8+zYhxc=">AAAB63icdVBNS8NAEJ34WetX1aOXxSLUS0isbT0WvHisYD+gDWWz3bRLN5uwuxFL6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96VXmd++oVCwSt3oWUy/EY8ECRrDOpKByfzYslR270ajX6i5ybGeBjNSrTs1Fbq6UIUdrWHofjCKShFRowrFSfdeJtZdiqRnhdF4cJIrGmEzxmPYNFTikyksXt87RqVFGKIikKaHRQv0+keJQqVnom84Q64n67WXiX14/0cGllzIRJ5oKslwUJBzpCGWPoxGTlGg+MwQTycytiEywxESbeIomhK9P0f+kc267Vbt2c1FuNvM4CnAMJ1ABFxrQhGtoQRsITOABnuDZCq1H68V6XbauWPnMEfyA9fYJsrmOBQ==</latexit>

Bias
n
f̂h(x)

o
=

Z
1

h
K(�s)f(x+ hs)hds� f(x)

=

Z
K(s)


f(x) + f(x)0hs+

1

2
f 00(x)h2s2 + o

�
h2

��
ds� f(x)

= f(x)

Z
K(s)ds+ f(x)0h

Z
sK(s)ds+

1

2
f 00(x)h2

Z
s2K(s)ds� f(x) + o

�
h2

�

=
h2

2
f 00(x)µ2(K) + o

�
h2

�
, as h ! 0

where

Z
K(s)ds = 1,

Z
sK(s)ds = 0 and

Z
s2K(s)ds = µ2(K)

<latexit sha1_base64="gq2LY0cEI223cEeiySTas4VAohI="></latexit>
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Asymptotic distribution of                          depends on

§ For the first part,

51Appendix

p
nh[f̂(x)� f(x)]

<latexit sha1_base64="RK2mnQ5ZiC2DHFQzDaRCMswRIvQ=">AAACBHicdVDLSgMxFM3UV62vqstugkWoC8uMta3LghuXFewD2qFk0kwbmsmMyR2xDF248VfcuFDErR/hzr8xfQgqeuBeDufcS3KPFwmuwbY/rNTS8srqWno9s7G5tb2T3d1r6jBWlDVoKELV9ohmgkvWAA6CtSPFSOAJ1vJG51O/dcOU5qG8gnHE3IAMJPc5JWCkXjbX1dcKEomHk053SCDxJ4Xbo2PfNLeXzdvFarVSrjjYLtozTEmlZJcd7CyUPFqg3su+d/shjQMmgQqidcexI3ATooBTwSaZbqxZROiIDFjHUEkCpt1kdsQEHxqlj/1QmZKAZ+r3jYQEWo8Dz0wGBIb6tzcV//I6MfhnbsJlFAOTdP6QHwsMIZ4mgvtcMQpibAihipu/YjokilAwuWVMCF+X4v9J86TolIrly9N8rbaII41y6AAVkIOqqIYuUB01EEV36AE9oWfr3nq0XqzX+WjKWuzsox+w3j4BQLqX1Q==</latexit>

f(x)
<latexit sha1_base64="uaN8SX7G34gfDOeFFCAv8+zYhxc=">AAAB63icdVBNS8NAEJ34WetX1aOXxSLUS0isbT0WvHisYD+gDWWz3bRLN5uwuxFL6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96VXmd++oVCwSt3oWUy/EY8ECRrDOpKByfzYslR270ajX6i5ybGeBjNSrTs1Fbq6UIUdrWHofjCKShFRowrFSfdeJtZdiqRnhdF4cJIrGmEzxmPYNFTikyksXt87RqVFGKIikKaHRQv0+keJQqVnom84Q64n67WXiX14/0cGllzIRJ5oKslwUJBzpCGWPoxGTlGg+MwQTycytiEywxESbeIomhK9P0f+kc267Vbt2c1FuNvM4CnAMJ1ABFxrQhGtoQRsITOABnuDZCq1H68V6XbauWPnMEfyA9fYJsrmOBQ==</latexit>

Var
n
f̂h(x)

o
= Var

(
1

n

nX

i=1

Kh (x�Xi)

)

=
1

n2

nX

i=1

Var {Kh (x�Xi)}

=
1

n
Var {Kh(x�X)}

=
1

n

n
E
⇥
K2

h(x�X)
⇤
� {E [Kh(x�X)]}2

o

=
1

n

Z
1

h2
K

✓
x� t

h

◆2

f(t)dt� 1

n

✓
1

h

Z
K

✓
x� t

h

◆
f(t)dt

◆2

=
1

n

Z
1

h2
K

✓
x� t

h

◆2

f(t)dt� 1

n
(f(x) + Bias(f̂(x)))2

<latexit sha1_base64="0F7yep5EmAVH92a/p+9fJZsrZQI="></latexit>

p
nh[f̂(x)� f(x)] =

p
nh{f̂(x)� E[f̂(x)]}+

p
nh{E[f̂(x)]� f(x)}

<latexit sha1_base64="JV5r5VxuTEljaYYjcqbAFlir+5k="></latexit>
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Asymptotic distribution of                          depends on

§ Applying a Taylor approximation yields

52Appendix

p
nh[f̂(x)� f(x)]

<latexit sha1_base64="RK2mnQ5ZiC2DHFQzDaRCMswRIvQ=">AAACBHicdVDLSgMxFM3UV62vqstugkWoC8uMta3LghuXFewD2qFk0kwbmsmMyR2xDF248VfcuFDErR/hzr8xfQgqeuBeDufcS3KPFwmuwbY/rNTS8srqWno9s7G5tb2T3d1r6jBWlDVoKELV9ohmgkvWAA6CtSPFSOAJ1vJG51O/dcOU5qG8gnHE3IAMJPc5JWCkXjbX1dcKEomHk053SCDxJ4Xbo2PfNLeXzdvFarVSrjjYLtozTEmlZJcd7CyUPFqg3su+d/shjQMmgQqidcexI3ATooBTwSaZbqxZROiIDFjHUEkCpt1kdsQEHxqlj/1QmZKAZ+r3jYQEWo8Dz0wGBIb6tzcV//I6MfhnbsJlFAOTdP6QHwsMIZ4mgvtcMQpibAihipu/YjokilAwuWVMCF+X4v9J86TolIrly9N8rbaII41y6AAVkIOqqIYuUB01EEV36AE9oWfr3nq0XqzX+WjKWuzsox+w3j4BQLqX1Q==</latexit>

f(x)
<latexit sha1_base64="uaN8SX7G34gfDOeFFCAv8+zYhxc=">AAAB63icdVBNS8NAEJ34WetX1aOXxSLUS0isbT0WvHisYD+gDWWz3bRLN5uwuxFL6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96VXmd++oVCwSt3oWUy/EY8ECRrDOpKByfzYslR270ajX6i5ybGeBjNSrTs1Fbq6UIUdrWHofjCKShFRowrFSfdeJtZdiqRnhdF4cJIrGmEzxmPYNFTikyksXt87RqVFGKIikKaHRQv0+keJQqVnom84Q64n67WXiX14/0cGllzIRJ5oKslwUJBzpCGWPoxGTlGg+MwQTycytiEywxESbeIomhK9P0f+kc267Vbt2c1FuNvM4CnAMJ1ABFxrQhGtoQRsITOABnuDZCq1H68V6XbauWPnMEfyA9fYJsrmOBQ==</latexit>

Substituting s = u�x
h

Var
n
f̂h(x)

o
= 1

nh

R
K(s)2f(x+ hs)ds� 1

n (f(x) + o(h))2
<latexit sha1_base64="E0njTppvDdpin6P4oP+ooWxi9KU="></latexit>

Var
n
f̂h(x)

o
=

1

nh

Z
K(z)2

✓
f(x) + hsf 0(x) +

1

2
f 00(x)h2s2 + o

�
h2

�◆
ds� 1

n
(f(x) + o(h))2

=
1

nh
kKk22f(x) + o

✓
1

nh

◆
, as nh ! 1

<latexit sha1_base64="z5NmYeEVqLepbqQdjb56lGPMRxM="></latexit>

where
R
K2(s)ds = kKk22. With Var(f̂(x)) ! 0 as nh ! 1

f̂(x)�E[f̂(x)]p
Var(f̂(x))

d�! N (0, 1)
<latexit sha1_base64="P49ignv2pfqfOlBlbPkl7i9477E="></latexit>
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Asymptotic distribution of                          depends on
§ Substituting the expression for

53Appendix

p
nh[f̂(x)� f(x)]

<latexit sha1_base64="RK2mnQ5ZiC2DHFQzDaRCMswRIvQ=">AAACBHicdVDLSgMxFM3UV62vqstugkWoC8uMta3LghuXFewD2qFk0kwbmsmMyR2xDF248VfcuFDErR/hzr8xfQgqeuBeDufcS3KPFwmuwbY/rNTS8srqWno9s7G5tb2T3d1r6jBWlDVoKELV9ohmgkvWAA6CtSPFSOAJ1vJG51O/dcOU5qG8gnHE3IAMJPc5JWCkXjbX1dcKEomHk053SCDxJ4Xbo2PfNLeXzdvFarVSrjjYLtozTEmlZJcd7CyUPFqg3su+d/shjQMmgQqidcexI3ATooBTwSaZbqxZROiIDFjHUEkCpt1kdsQEHxqlj/1QmZKAZ+r3jYQEWo8Dz0wGBIb6tzcV//I6MfhnbsJlFAOTdP6QHwsMIZ4mgvtcMQpibAihipu/YjokilAwuWVMCF+X4v9J86TolIrly9N8rbaII41y6AAVkIOqqIYuUB01EEV36AE9oWfr3nq0XqzX+WjKWuzsox+w3j4BQLqX1Q==</latexit>

f(x)
<latexit sha1_base64="uaN8SX7G34gfDOeFFCAv8+zYhxc=">AAAB63icdVBNS8NAEJ34WetX1aOXxSLUS0isbT0WvHisYD+gDWWz3bRLN5uwuxFL6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96VXmd++oVCwSt3oWUy/EY8ECRrDOpKByfzYslR270ajX6i5ybGeBjNSrTs1Fbq6UIUdrWHofjCKShFRowrFSfdeJtZdiqRnhdF4cJIrGmEzxmPYNFTikyksXt87RqVFGKIikKaHRQv0+keJQqVnom84Q64n67WXiX14/0cGllzIRJ5oKslwUJBzpCGWPoxGTlGg+MwQTycytiEywxESbeIomhK9P0f+kc267Vbt2c1FuNvM4CnAMJ1ABFxrQhGtoQRsITOABnuDZCq1H68V6XbauWPnMEfyA9fYJsrmOBQ==</latexit>

Var(f̂(x))
<latexit sha1_base64="+Q4iyVE2G32QQ7TlDb9vnVCt0cY=">AAACB3icbVDJSgNBEO2JW4zbqEdBBoOQXMKM+zHgxWMEs0ASQk2nJ2nSMz1014hhyM2Lv+LFgyJe/QVv/o2d5aCJDwoe71VRVc+PBdfout9WZml5ZXUtu57b2Nza3rF392paJoqyKpVCqoYPmgkesSpyFKwRKwahL1jdH1yP/fo9U5rL6A6HMWuH0It4wCmgkTr2YUvGTAFKFUHI0hqoUaHVB0yDUeGhWOzYebfkTuAsEm9G8mSGSsf+anUlTUIWIRWgddNzY2ynoJBTwUa5VqJZDHQAPdY0dLxUt9PJHyPn2ChdJ5DKVITORP09kUKo9TD0TWcI2Nfz3lj8z2smGFy1Ux7FCbKIThcFiXBQOuNQnC5XjKIYGgJUcXOrQ/uggKKJLmdC8OZfXiS1k5J3Wjq/PcuXL2ZxZMkBOSIF4pFLUiY3pEKqhJJH8kxeyZv1ZL1Y79bHtDVjzWb2yR9Ynz8jYZlt</latexit>

p
nh{f̂(x)� E[f̂(x)]} d�! N

�
0, f(x)kKk22

�
<latexit sha1_base64="FYwxBJ+BaBIfIiKWaAn/f1HGLAA="></latexit>

If the bandwidth tends to zero faster than the optimal rate, then
p
nh{E[f̂(x)]� f(x)} ! 0

<latexit sha1_base64="psVkbT6Uxo3ssc8C8oduPrx2T+Y=">AAACIHicbVDLSgMxFM34tr6qLt0Ei6ALy4zvZUEElxVsLXSGkkkzndBMZkzuqGWYT3Hjr7hxoYju9GtMHwttPZBwOOdeknP8RHANtv1lTU3PzM7NLywWlpZXVteK6xt1HaeKshqNRawaPtFMcMlqwEGwRqIYiXzBbvzued+/uWNK81heQy9hXkQ6kgecEjBSq3jq6lsFmcRh7mZuRCBUUXaRN92QQBbkuw973n5gbjfHruKdEIhS8T22W8WSXbYHwJPEGZESGqHaKn667ZimEZNABdG66dgJeBlRwKlgecFNNUsI7ZIOaxoqScS0lw0C5njHKG0cxMocCXig/t7ISKR1L/LNZD+CHvf64n9eM4XgzMu4TFJgkg4fClKBIcb9tnCbK0ZB9AwhVHHzV0xDoggF02nBlOCMR54k9YOyc1g+vjoqVU5GdSygLbSNdpGDTlEFXaIqqiGKHtEzekVv1pP1Yr1bH8PRKWu0s4n+wPr+AVJTo5s=</latexit>

and the bias term vanishes from the asymptotic distribution,

p
nh[f̂(x)� f(x)]

d�! N
�
0, f(x)kKk22

�
<latexit sha1_base64="1KRZbE3zuX7ZogsRhHTvSzHc66o="></latexit>
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§ From transform theorems, we know that if
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f(x)
<latexit sha1_base64="uaN8SX7G34gfDOeFFCAv8+zYhxc=">AAAB63icdVBNS8NAEJ34WetX1aOXxSLUS0isbT0WvHisYD+gDWWz3bRLN5uwuxFL6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96VXmd++oVCwSt3oWUy/EY8ECRrDOpKByfzYslR270ajX6i5ybGeBjNSrTs1Fbq6UIUdrWHofjCKShFRowrFSfdeJtZdiqRnhdF4cJIrGmEzxmPYNFTikyksXt87RqVFGKIikKaHRQv0+keJQqVnom84Q64n67WXiX14/0cGllzIRJ5oKslwUJBzpCGWPoxGTlGg+MwQTycytiEywxESbeIomhK9P0f+kc267Vbt2c1FuNvM4CnAMJ1ABFxrQhGtoQRsITOABnuDZCq1H68V6XbauWPnMEfyA9fYJsrmOBQ==</latexit>

p
nh[

q
f̂(x)�

p
f(x)]

<latexit sha1_base64="25FNWDJWz4DMw4hIEiWeh46DwNA=">AAACEnicdZDLSsNAFIYnXmu9VV26GSxCXVgSa1uXBTcuK9gLtKFMphM7OJnEmROxhDyDG1/FjQtF3Lpy59s4aSuo6A8DP985hzPn9yLBNdj2hzU3v7C4tJxbya+urW9sFra22zqMFWUtGopQdT2imeCStYCDYN1IMRJ4gnW8q9Os3rlhSvNQXsA4Ym5ALiX3OSVg0KBw0NfXChKJR2lvavsjAomflm4P0sMp8TPvDgpFu1yv16o1B9tle6LM1Cp21cHOjBTRTM1B4b0/DGkcMAlUEK17jh2BmxAFnAqW5vuxZhGhV+SS9YyVJGDaTSYnpXjfkCH2Q2WeBDyh3ycSEmg9DjzTGRAY6d+1DP5V68Xgn7gJl1EMTNLpIj8WGEKc5YOHXDEKYmwMoYqbv2I6IopQMCnmTQhfl+L/Tfuo7FTK1fPjYqMxiyOHdtEeKiEH1VEDnaEmaiGK7tADekLP1r31aL1Yr9PWOWs2s4N+yHr7BH7Mnp0=</latexit>

p
n(t� µ)

L�! Np(0,⌃)
<latexit sha1_base64="d8oHVK1WPUneKFOMsUJBdxjDnr4="></latexit>

p
n[f(t)� f(µ)]

L�! Nq

�
0,D>⌃D

�
for n �! 1

<latexit sha1_base64="FnuJ3uqQjGsDDpr95uqQoJTlx+Q="></latexit>

Denote g(x) = x1/2, then dg
dx = 1

2x
�1/2. With

p
nh(f̂(x)� f(x))

d�! N
�
0, f(x)kKk22

�

then
p
nh[

q
f̂(x)�

p
f(x)]

d�! N
�
0, 1

4kKk22
�

The asymptotic distribution of
p
nh[

q
f̂(x)�

p
f(x)] does not depend on f(x)

<latexit sha1_base64="C18/FwwTPZdkQF29ks22vNe1t30="></latexit>

Back
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Optimal Transport and Wasserstein Distance 
§ Monge’s Problem

55Appendix

§ Kantorovich Problem



CRRIX

Wasserstein Distance

§ Distance between probability distributions on a given metric space M

§ Intuitively, if each distribution is viewed as a unit amount of "dirt" piled on M, the 

metric is the minimum "cost" of turning one pile into the other

§ The amount of dirt that needs to be moved times the mean distance it has to be 

moved

§ The pth Wasserstein distance between two probability measures μ and ν in Pp(M) is 

defined as

56Appendix

where Γ(μ,ν) denotes the collection of all measures on M×M with marginals μ and ν 
on the first and second factors respectively

Wp(µ, ⌫) :=

✓
inf

�2�(µ,⌫)

Z

M⇥M
d(x, y)p d�(x, y)

◆1/p

,
<latexit sha1_base64="DxlxmA8GmFBIOLEQnNcdToLf3sc="></latexit>
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Wasserstein Distance
§ 1th Wasserstein distance between probability distribution μ and ν : 

57Appendix

d(x,y) is the moving cost 

µ(x)
<latexit sha1_base64="sRR5pJGVPbdZvHmf2h9rMr/PiR4=">AAAB7nicdVDLSgMxFM3UV62vqks3wSLUzZDp213BjcsK1hbaoWTSTBuaZIYkI5bSj3DjQhG3fo87/8ZMW0FFD1w4nHMv994TxJxpg9CHk1lb39jcym7ndnb39g/yh0e3OkoUoW0S8Uh1A6wpZ5K2DTOcdmNFsQg47QSTy9Tv3FGlWSRvzDSmvsAjyUJGsLFSpy+S4v15bpAvINeroUqlAZHb8C68esmSaq2GymXouWiBAlihNci/94cRSQSVhnCsdc9DsfFnWBlGOJ3n+ommMSYTPKI9SyUWVPuzxblzeGaVIQwjZUsauFC/T8yw0HoqAtspsBnr314q/uX1EhM2/BmTcWKoJMtFYcKhiWD6OxwyRYnhU0swUczeCskYK0yMTSgN4etT+D+5Lble2a1eVwrN6iqOLDgBp6AIPFAHTXAFWqANCJiAB/AEnp3YeXRenNdla8ZZzRyDH3DePgGg948V</latexit>

⌫(x)
<latexit sha1_base64="MoXEU0Vd73XOC5t70x6GefHaJfg=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBahXkLSb28FLx4rWFtoQ9lsN+3SzSbsbsRS+iO8eFDEq7/Hm//GTVtBRR8MPN6bYWaeH3OmtON8WJm19Y3Nrex2bmd3b/8gf3h0q6JEEtomEY9k18eKciZoWzPNaTeWFIc+px1/cpn6nTsqFYvEjZ7G1AvxSLCAEayN1OmLpHh/nhvkC47t1pxKpYEcu+FeuPWSIdVazSmXkWs7CxRghdYg/94fRiQJqdCEY6V6rhNrb4alZoTTea6fKBpjMsEj2jNU4JAqb7Y4d47OjDJEQSRNCY0W6veJGQ6Vmoa+6QyxHqvfXir+5fUSHTS8GRNxoqkgy0VBwpGOUPo7GjJJieZTQzCRzNyKyBhLTLRJKA3h61P0P7kt2W7Zrl5XCs3qKo4snMApFMGFOjThClrQBgITeIAneLZi69F6sV6XrRlrNXMMP2C9fQKigI8W</latexit>

R
�(x, y)dy = µ(x)

R
�(x, y)dx = ⌫(y)

<latexit sha1_base64="1YYi9zT2JLJySaHjoexswzroUyY="></latexit>

� 2 �(µ, ⌫)
<latexit sha1_base64="6z0wqnn9teEWekAuo/0e+x4/zaM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVJAyoxZdFlzosoK9QGcomTTThiaZIckIZejKja/ixoUibn0Gd76N6XQW2vpD4OM/53By/iBmVGnH+bYKS8srq2vF9dLG5tb2jr2711JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF1P6+0HIhWNxL0ex8TnaCBoSDHSxurZh94AcY6gRwX0bjKseDyBp55I4EnPLjtVJxNcBDeHMsjV6NlfXj/CCSdCY4aU6rpOrP0USU0xI5OSlygSIzxCA9I1KBAnyk+zMybw2Dh9GEbSPKFh5v6eSBFXaswD08mRHqr52tT8r9ZNdHjlp1TEiSYCzxaFCYM6gtNMYJ9KgjUbG0BYUvNXiIdIIqxNciUTgjt/8iK0zqruebV2d1Gu1/I4iuAAHIEKcMElqINb0ABNgMEjeAav4M16sl6sd+tj1lqw8pl98EfW5w+G+pcy</latexit>

W (µ, ⌫) = inf
�2�(µ,⌫)

Z

M⇥M
d(x, y) d�(x, y)

<latexit sha1_base64="JZHryUFSvUNNoUi0krLNgc7A4Z8="></latexit>

§ γ>0 is the joint distribution, 

W (µ, ⌫) = inf
�2�(µ,⌫)

ZZ
d(x, y)�(x, y) dx dy

<latexit sha1_base64="bs0FVJb1CcapgZ0pziw5pyF/AiU="></latexit>
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Wasserstein Distance (Cont’d)

§ Let

58Appendix

� =

0

BBB@

� (x1,y1) � (x1,y2) · · · � (x1,yn)
� (x2,y1) � (x2,y2) · · · � (x2,yn)

...
...

...
...

� (xm,y1) � (xm,y2) · · · � (xm,yn)

1

CCCA

<latexit sha1_base64="GDUSd8e1hkzxQxgPsQkWHBKVBik="></latexit>

D =

0

BBB@

d (x1,y1) d (x1,y2) · · · d (x1,yn)
d (x2,y1) d (x2,y2) · · · d (x2,yn)

...
...

...
...

d (xm,y1) d (xm,y2) · · · d (xm,yn)

1

CCCA

<latexit sha1_base64="7r5m3vQ2TUxEf8RmufGF+8ai8zs="></latexit>

ZZ
d(x, y)�(x, y) dx dy

<latexit sha1_base64="0nCnDFHy9KJwTJBseSDFhtUKaJM=">AAACH3icbVDLSsNAFJ34rPUVdelmsAgVSkmsr2XBjcsK9gFNKJPJtB06k4SZiTSE/okbf8WNC0XEXf/GSZuFbT0wcObce7nnHi9iVCrLmhpr6xubW9uFneLu3v7BoXl03JJhLDBp4pCFouMhSRgNSFNRxUgnEgRxj5G2N7rP6u1nIiQNgyeVRMTlaBDQPsVIaaln3jiUBgr65XEluXAGiHME57zicKSGgsPUn8Dx4jfpmSWras0AV4mdkxLI0eiZP44f4piTQGGGpOzaVqTcFAlFMSOTohNLEiE8QgPS1TRAnEg3nd03geda8WE/FPppszP170SKuJQJ93RnZlIu1zLxv1o3Vv07N6VBFCsS4PmifsygCmEWFvSpIFixRBOEBdVeIR4igbDSkRZ1CPbyyaukdVm1a9Xrx6tSvZbHUQCn4AyUgQ1uQR08gAZoAgxewBv4AJ/Gq/FufBnf89Y1I585AQswpr/9VqGx</latexit>

hD,�i
<latexit sha1_base64="+la4MvbmODHaRZeKqV2Vx6wqysM=">AAACE3icbVDLSgMxFM3UV62vqks3wSKISJmxii4LCrqsYB/QKeVOmmlDk8yQZIQy9B/c+CtuXCji1o07/8b0IWjrgcDhnHPJvSeIOdPGdb+czMLi0vJKdjW3tr6xuZXf3qnpKFGEVknEI9UIQFPOJK0aZjhtxIqCCDitB/3LkV+/p0qzSN6ZQUxbArqShYyAsVI7f4R9DrLLqS/A9IIwvRoe4x/uX4MQMPTVONHOF9yiOwaeJ96UFNAUlXb+0+9EJBFUGsJB66bnxqaVgjKMcDrM+YmmMZA+dGnTUgmC6lY6vmmID6zSwWGk7JMGj9XfEykIrQcisMnRtnrWG4n/ec3EhBetlMk4MVSSyUdhwrGJ8Kgg3GGKEsMHlgBRzO6KSQ8UEGNrzNkSvNmT50ntpOiVime3p4VyaVpHFu2hfXSIPHSOyugGVVAVEfSAntALenUenWfnzXmfRDPOdGYX/YHz8Q1Lr55m</latexit>

� 2 �(µ, ⌫)
<latexit sha1_base64="6z0wqnn9teEWekAuo/0e+x4/zaM=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVJAyoxZdFlzosoK9QGcomTTThiaZIckIZejKja/ixoUibn0Gd76N6XQW2vpD4OM/53By/iBmVGnH+bYKS8srq2vF9dLG5tb2jr2711JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF1P6+0HIhWNxL0ex8TnaCBoSDHSxurZh94AcY6gRwX0bjKseDyBp55I4EnPLjtVJxNcBDeHMsjV6NlfXj/CCSdCY4aU6rpOrP0USU0xI5OSlygSIzxCA9I1KBAnyk+zMybw2Dh9GEbSPKFh5v6eSBFXaswD08mRHqr52tT8r9ZNdHjlp1TEiSYCzxaFCYM6gtNMYJ9KgjUbG0BYUvNXiIdIIqxNciUTgjt/8iK0zqruebV2d1Gu1/I4iuAAHIEKcMElqINb0ABNgMEjeAav4M16sl6sd+tj1lqw8pl98EfW5w+G+pcy</latexit>

§ γ>0 is the joint distribution, 

R
�(x, y)dy = µ(x)

R
�(x, y)dx = ⌫(y)

<latexit sha1_base64="1YYi9zT2JLJySaHjoexswzroUyY="></latexit>

W (µ, ⌫) = inf
�2�(µ,⌫)

ZZ
d(x, y)�(x, y) dx dy

<latexit sha1_base64="bs0FVJb1CcapgZ0pziw5pyF/AiU="></latexit>

s.t.
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Wasserstein Distance: Discrete Example
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§ D is the distance (or cost), Γ is the transport plan 

D =

0

BB@

4 5 6 7
3 4 5 6
2 3 4 5
1 2 3 4

1

CCA

<latexit sha1_base64="Ia/5L88bho5qHClkpEX2SZ6zOck="></latexit>

� =

0

BB@

1
4 0 0 0
0 1

4 0 0
0 0 1

4 0
0 0 0 1

4

1

CCA

<latexit sha1_base64="Ts6/Q2gmH7Cn95QScB/cxfRlPP8="></latexit>

� =

0

BB@

0 0 0 1
4

0 0 1
4 0

0 1
4 0 0

1
4 0 0 0

1

CCA

<latexit sha1_base64="spiNXLAXydjCV+DxUmozGDJ4h2o="></latexit>

� =

0

BB@

1
4 0 0 0
0 1

4 0 0
0 0 1

4 0
0 0 0 1

4

1

CCA

<latexit sha1_base64="WU/bKU0PFXtegHb+RgWmtC30s7U="></latexit>

W (p, q) = minhD,�i = min
X

ij

Dij�ij

<latexit sha1_base64="4Ximv9jG2gv7IYysATflHQtOIKQ="></latexit>
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Wasserstein Distance: Discrete Example
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}
<latexit sha1_base64="bMS2Hked0nv56uhoKBB8lolJ9Ao=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvctq7f6qUq/lcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5znjWE=</latexit>

}
<latexit sha1_base64="bMS2Hked0nv56uhoKBB8lolJ9Ao=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvctq7f6qUq/lcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5znjWE=</latexit>

}
<latexit sha1_base64="bMS2Hked0nv56uhoKBB8lolJ9Ao=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvctq7f6qUq/lcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5znjWE=</latexit>

{
<latexit sha1_base64="SUroW42alt0DnZSc9aBg2bI/Qzk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dn9VqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5nfjV8=</latexit>

{
<latexit sha1_base64="SUroW42alt0DnZSc9aBg2bI/Qzk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dn9VqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5nfjV8=</latexit>

{
<latexit sha1_base64="SUroW42alt0DnZSc9aBg2bI/Qzk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dn9VqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5nfjV8=</latexit>

BackhD,�i =
X

ij

Dij�ij = 3.125

<latexit sha1_base64="/lg+vK2ZUaZrs01y3JqhylzX0ys="></latexit>

� =

0

BB@

0 1/2 0 0
0 0 1/8 0
0 0 0 1/4
1/8 0 0 0

1

CCA

<latexit sha1_base64="DKQKLWNJsvvQfdhFJ/+LqZPBbh8="></latexit>

� =

0

BB@

0 1/8 1/8 1/4
0 1/8 0 0
0 1/4 0 0

1/8 0 0 0

1

CCA

<latexit sha1_base64="vmoYzM5sJh14JOWyMwzmSTQX7z0="></latexit>

hD,�i =
X

ij

Dij�ij = 4.5

<latexit sha1_base64="Nb+6l7GET4xaMR8hlzjRooTtRqA="></latexit>

D =

0

BB@

4 5 6 7
3 4 5 6
2 3 4 5
1 2 3 4

1

CCA

<latexit sha1_base64="Ia/5L88bho5qHClkpEX2SZ6zOck="></latexit>



CRRIX

Hellinger Distance v.s. Wasserstein Distance
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§  Less than 10% true policy-related news was selected 

True\Pred
LDAW LDAH

Total
1 0 1 0

1 52 530 361 221 582

0 519 3485 188 3816 4004

Total 571 4015 549 4073 4586

Accuracy 0.771 0.907

Appendix
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Coherence Value 
§ CUCI (Newman et al. , 2010): take the set of the top J words (w1,… , wJ ) for a given 

topic and sum a confirmation measure over all word pairs

62Appendix

§ Cv (Röder et al., 2015): confirmation using normalised point-wise mutual information 
(NPMI)

where the probabilities are estimated on Wikipedia outperform

§ CUMass (Mimno et al. , 2011): the probabilities estimated from the original corpus

CUCI =
2

J · (J � 1)

J�1X

i=1

JX

j=i+1

log
P (wi, wj) + ✏

P (wi) · P (wj)
<latexit sha1_base64="KHzL74WqFRnf1AHf8lvIJk/gFA8="></latexit>

CUMass =
2

J · (J � 1)

JX

i=2

i�1X

j=1

log
P (wi, wj) + ✏

P (wj)
<latexit sha1_base64="yvVBOds2fh9lg8EApH2L6wZ6p0U="></latexit>

vij = NPMI (wi, wj)
� =

0

@
log P (wi,wj)+✏

P (wi)·P (wj)

� log (P (wi, wj) + ✏)

1

A
�
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where γ controls the weight of NPMI 
Back
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LDA Results: Number of Topics
§  Likelihood method: Grifths and Steyvers (2004)

§  likelihood of the probability of words for a different number of topics 

§  K=15
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